In this letter we introduce new generalized cyclotomic sequences of order two and length pq firstly, then we determine the linear complexity and autocorrelation values of these sequences. Our results show that these sequences are rather good from the linear complexity viewpoint.
Introduction
The linear complexity and autocorrelation values are very important measures for evaluating the randomness of sequences. The engineering interpretation of linear complexity (LC) is as the length of the shortest linear feedback shift register (LFSR) that generates the sequence. By BerlekampMassey algorithm, if the linear complexity of a key stream is L, then 2L consecutive characters of the sequence could be used to construct the whole key stream. Thus, it is cryptographically necessary to require key stream sequences to have large linear complexity. In practice, if LC > N 2 (N denotes the length of a sequence) then the sequence is deemed to be "good" sequence.
Given a partition {Z N \ C, C} of the residue class ring Z N , define a sequence s = (s 0 , s 1 , · · ·): In this letter, we propose new generalized cyclotomic sequences of order two and length N = pq, and determine their linear complexity (Theorem 1) and autocorrelation values (Theorem 2). Compared with the sequences in [2] , our sequences have the same generalized cyclotomic classes but different characteristic set C. Theorem 1 shows that the sequences (with period N) have large linear complexity with LC > N 2 . Therefore, the sequences in our paper are 'good' and will be more attractive in some applications such as stream ciphers than those defined in [2] . At the same time, our sequences have four-valued or six-valued autocorrelation function, while [2] does not consider the autocorrelation values.
This letter is organized as follows. In Sect. 2, we describe the new generalized cyclotomic sequences. In Sect. 3, we determine their linear complexity. The result shows that our sequences have high linear complexity which is better than the sequences in [2] . In Sect. 4, we first deduce an equivalent definition of our sequences by using Legendre symbol and determine their autocorrelation values. In Sect. 5, we draw a conclusion.
The Generalized Cyclotomic Sequences
Let p and q be two distinct primes with gcd(p − 1, q − 1) = 2 and p < q. Define N = pq and e = (p − 1)(q − 1)/2. By the Chinese Remainder Theorem, there exists a common primitive root g of both p and q. Therefore,
where ord N (g) denotes the multiplicative order of g modulo N.
Let x be an integer satisfying
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Here and hereafter we define A ± a = { f ± a : f ∈ A} and a · A = {a · f : f ∈ A} for any subset A of Z N and a ∈ Z N . The generalized cyclotomic classes D 0 and D 1 of order two are defined by
where the multiplication is that of Z N , also see [1] , [2] . Obviously
N denotes the set of all invertible elements of the residue class ring Z N , ∅ denotes the empty set. Define
It is easy to see
Now let
We define the generalized cyclotomic sequence s ∞ of order 2 with respect to the primes p and q as
for all i ≥ 0, where (i mod N) denotes the least nonnegative integer that is congruent to i modulo N. That is, C 1 is the characteristic set of s ∞ . In one cycle of this sequence there are 1's. Thus, the imbalance of this sequence is q − p − 1.
While in [2] , Bai et al defined a generalized cyclotomic sequence by using
, which are different from the ones in (1).
Linear Complexity
Let s ∞ be a sequence of period N defined in (1) and
It is well known that [3] the linear complexity of s
Let m be the order of 2 modulo N, then the field GF(2 m ) has a primitive Nth root of unity. Define
Let α be a primitive Nth root of unit over the field GF(2 m ), we have by (2)
If x = α 0 = 1,
Since
it follows that
By symmetry we get
Note that
Lemma 1: Let the symbols be the same as before. Then
The proof of Lemma 1 can be found in [2] .
, where i, j = 0, 1.
Lemma 3:
Let the symbols be same as before. Then
Since g is a common primitive root of both p and q and the order of g modulo N is e, by the definition of x we have (5), (6), (7), we obtain
When k ∈ P, since gcd(p, q) = 1, kP = P, then by Lemma 1 we have
When k ∈ Q, kP = {0}, by Lemma 1 we obtain
Then the desired result follows.
Lemma 4 ([4]
): 2 is a quadratic residue of primes of the form 8k + 1 and 8k + 7. 2 is a quadratic nonresidue of primes of the form 8k+3 and 8k+5. This information is summarized in the formula: ( 
which is equivalent to 2 ≡ g 2t (mod p) and 2 ≡ g 2t (mod q),
Since x ≡ g (mod p), x ≡ 1 (mod q), (9) is equivalent to 2 ≡ g 2t+1 (mod p) and 2 ≡ g 2t (mod q). 
From (3) and (4), then it follows that
2) If q ≡ −1 (mod 8), by Lemmas 3 and 5
From (3) and (4), then it follows that

LC(s
3) If q ≡ −3 (mod 8), by Lemmas 3 and 5
4) If q ≡ 3 (mod 8), by Lemmas 3 and 5
Remark 2:
It is known that the average linear complexity of binary sequences of period N is about N − 1 and that of finite binary sequences of length N is about N 2 . Theorem 1 shows that the linear complexity of our sequence is very good.
Autocorrelation Values
From the proof of Lemma 3, we have
1 . It is easy to see that the sequence defined in (1) can be expressed as
where ( a q ) denotes the Legendre symbol. From (10) we deduce
For an N-periodic sequence (s i ) over Z 2 , the periodic autocorrelation function is given by
s i+w +s i .
Theorem 2:
To prove Theorem 2, we need the following wellknown result that can be found in [5, Lemma 7.3 .7].
Lemma 6: For 1 ≤ w ≤ q − 1 we have
Now we give the proof of Theorem 2.
Proof: Together with (11) if w ∈ P then we have
Together with (11) if w ∈ Q then we have
Together with (11) if w ∈ Z * N then we have (−1)
1 , when w ∈ P 0 , (
Therefore, from Theorem 2, we can draw following three corollaries:
Corollary 2: When q ≡ 1 (mod 4) and p ∈ D Remark 3: Corollaries 1-3 show that the autocorrelation function is four-valued or six-valued.
Conclusion
In this letter, we construct new generalized cyclotomic sequences and determine their linear complexity and autocorrelation values. Since p < q, Theorem 1 shows that the sequences with period N have good linear complexity with LC > N 2 . In [2] , the linear complexity takes on N−1 2 which is smaller than N 2 when p ≡ 7 (mod 8) and q ≡ 7 (mod 8). Therefore, the sequences in our paper will be more attractive in some applications such as stream ciphers than those in [2] .
Theorem 2 shows that the autocorrelation values are of O(pq) when w ∈ Q. From the autocorrelation property viewpoint, the sequences are not fit to be used in radar systems, spread-spectrum communication systems and CDMA systems. But the construction contributes to the understanding of the periodic autocorrelation structure of cyclotomicallyconstructed binary sequences and the autocorrelation function only takes on a few (four or six) values.
